
EMSE 4765: DATA ANALYSIS
For Engineers and Scientists

 Session 14: Two-Way Analysis of Variance (ANOVA),
2 -Factorial Analysis of Variance (ANOVA)O

  Version: 4/20/2020

Lecture Notes by: J. René van Dorp1

www.seas.gwu.edu/~dorpjr

1  Department of Engineering Management and Systems Egineering, School of Engineering and
Applied Science, The George Washington University, 800 22nd Street, N.W.  Suite 2800,ß
Washington D.C. 20052. E-mail: dorpjr@gwu.edu.



EMSE 4765 Notes J.R. van Dorp ;  ; Page 2dorpjr@gwu.edu

TWO-WAY ANOVA Adhesion Force Example

Aircraft Primer Paint Example:
Air craft primer paints are applied to aluminum surfaces by two methods
 dipping and spraying. The purpose of the primer is to improve paint adhesion;
some parts can be primed using either application method. An engineer interested
in whether three different primers differ in their adhesion properties performed an
experiment to investigate the effect of paint primer type and application method on
paint adhesion. Three specimens were painted with each primer using each
application method, a finish paint was applied, and the adhesion force was
measured. The

3 2 3 experiments = 18 experiments
(#Primer Types) (#Application Methods) (#Replications)
† †

‡ ‡

from this experiment were run in a random order. The resulting data is shown in
the Table below.
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TWO-WAY ANOVA Adhesion Example

Table 1. Air craft primer Example.
Numbers in table represent adhesion force

Application Methods
Primer Type Dipping Spraying Totals Average

1 4.0, 4.5, 4.3 5.4, 4.9, 5.6 28.7 4.78
2 5.6, 4.9, 5.4 5.8, 6.1, 6.3 34.1 5.68
3 3.8, 3.7, 4.0  5.5, 5.0, 5.0 27.0 4.50

Totals 40.2 49.6 89.8
Averages 4.47 5.51 4.99

QUESTIONS OF INTEREST:

Do Primer Type (Factor A) or Application Method (Factor B)
have an effect on the adhesion force?

Is it possible that a particular combination of Primer Type
and Application Method works better than other combinations?
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TWO-WAY ANOVA Mechanics
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TWO-WAY ANOVA Mechanics

Factor B
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TWO-WAY ANOVA Mechanics

Analysis in file "Adhesion_Analysis.R"

Adhesion Force Data R-Code to perform analysis by Primer Type and Method

Output of R-Code above:

MSE = 0.082 = 0.987/12

SSE = 0.987
dfE = 6*(3-1) = 12
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TWO-WAY ANOVA Mechanics
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TWO-WAY ANOVA Mechanics

Analysis in file "Adhesion_Analysis.R"

Adhesion Force Data

R-Code to perform analysis by Primer Type:

Output of R-Code above:

a = 3, Number of Factor levels A
n = 3, Number of Cell Observatoon

dfa = 3-1 = 2, b * n = 6
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TWO-WAY ANOVA Mechanics

Analysis in file "Adhesion_Analysis.R"

Adhesion Force Data

R-Code to perform analysis by Method:

Output of R-Code above:

b = 2, Number of Factor levels A
n = 3, Number of Cell Observatoon

dfb = 2-1 = 1,  a*n = 9



EMSE 4765 Notes J.R. van Dorp ;  ; Page 10dorpjr@gwu.edu

TWO-WAY ANOVA Mechanics
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TWO-WAY ANOVA Mechanics

Model Description:

] œ    Ð Ñ  ß
3 œ "ßá ß +
4 œ "ßá ß ,
5 œ "ßá ß 8

34 3 4 34 345. α " α" %




    a parameter common to all treatments called . À the overall mean
   α3 À ßa parameter unique to the -th level of Factor 3 E
   "4 À ßa parameter unique to the -th level of Factor 4 F
  Ð Ñ Àα" 34 a parameter unique to the -th level of Factor and -th level of3 E 4
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TWO-WAY ANOVA Mechanics

• Assuming that the null-hypotheses above are true it can be shown that:
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TWO-WAY ANOVA Adhesion ANOVA Table

Aircraft Primer Paint Example:

 Conclusion:
• The interaction between Primer Type (A) and Application Method (B) does

not add to variability (which is good).
• Application method (B) appears to contribute more to variability in adhesion

force than primer type (A).
• Based on the average adhesion force the best combination seems to choose

Primer "Type 2" and the "Spraying" Method since there is "no interaction".
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TWO-WAY ANOVA Estimating Parameters

Recall: ] œ    Ð Ñ  ß
3 œ "ßá ß +
4 œ "ßá ß ,
5 œ "ßá ß 8
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TWO-WAY ANOVA Adhesion Interaction Plot

Analysis in file "Adhesion_Analysis.R"

Conclusion: Choose  and the . ConfidencePrimer Type 2 Spaying Method
Intervals do not overlap (and one observes there is no interaction).
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TWO-WAY ANOVA Adhesion Model Diagnostics
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TWO-WAY ANOVA Adhesion Parameter Estimation
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TWO-WAY ANOVA Adhesion Example in Minitab

R-Code
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TWO-WAY ANOVA Interaction Plot in Minitab

No Confidence Intervals are plotted in Minitab using QWI
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TWO-WAY ANOVA Model Diagnostics
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TWO-WAY ANOVA Adhesion Residual Plot
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TWO-WAY ANOVA Adhesion Equality of Variance
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2 FACTORIAL ANOVA INTRODUCTIONO

2  Factorial Design:  Factors each factor at two levelsO O
Ð Ð  ß  ÑHigh, Low) = 

•  Special Experiment or Run Notation:

 ( ) Use lowercase letter of factor if high level of factor is present.3

 ( ) Do not include letter of factor if low level of factor is present.33

 Use (1) to indicate all factors at low levelÐ333Ñ

 Example 3 factors A, B, C:     indicates for A, for B, for CÊ +-   
          indicates for A, for B, for CÊ Ð"Ñ   

• For analysis purposes,  let these letters (e.g. , , , ) also denote theÐ"Ñ + , +,
totals (sums) of all observations in these experiments (or runs)
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2 FACTORIAL ANOVA Router ExampleO

2  Factorial Design: The Router Experiment#

(Hence, this is the same as a TWO-WAY ANOVA with 2 levels per factor)

A router is used to cut registration notches in printed circuit boards. The
average notch dimension is satisfactory and the process is in statistical control, but
there is too much variability in the process. This excess variability leads to
problems in board assembly. The components are inserted into the board using
automatic equipment, and the variability in notch dimension causes improper
board registration. A a result, the auto-insertion equipment does not work
properly.

Since the process is in Statistical Control, the Quality Improvement team
assigned to this project decided to use a designed experiment to study the process.
The team considered two factors: bit size (A) and speed (B). Two levels were
chosen for each factor (bit size A at  and  and drill speed B at and" "

"' )

ww ww
%!<:7

)! <:7 #) and a  design was set up. For each run (experiment setup) four#

different test were conducted (four replications).
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2 FACTORIAL ANOVA Router ExampleO

Table 2: Router Experiment Data (8 œ %Ñ

V?8 E F Z 3,<+>398 X9>+6=
" Ð"Ñ   ")Þ# ")Þ* "#Þ* "%Þ% '%Þ%
# +   #(Þ# #%Þ! ##Þ% ##Þ& *'Þ"
$ ,   "&Þ* "%Þ& "&Þ" "%Þ# &*Þ(
% +,   %"Þ! %$Þ* $'Þ$ $*Þ* "'"Þ(

Example: Two Factors,  Replications8

FACTOR B
TOTALS AVERAGE

FACTOR
A   

TOTALS
AVERAGE

 

 Ð"Ñ , Ð"Ñ  ,

 + +, +  +,

Ð"Ñ  + ,  +,

Ð"Ñ,
#8

++,
#8

Ð"Ñ+
#8 #8

,+,
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2 FACTORIAL ANOVA MechanicsO

Effect of A: A difference of two mean values

+  +, Ð"Ñ  , "

#8 #8 #8
 œ Ò+  +,  ,  Ð"Ñ  ]

Effect of B: A difference of two mean values

,  +, Ð"Ñ  + "

#8 #8 #8
 œ Ò,  +,  +  Ð"Ñ ]

AB Interaction Effect: A difference of two mean values

+,  + ,  Ð"Ñ "

#8 #8 #8
 œ +,  Ð"Ñ  +  , [ ]

(Difference in effect of B while keeping Factor A the same)

•  The elements in brackets are contrasts with a single degree of freedom (Recall
from One-Way Anova!)

•  Contrast coefficients have  or sign, that can be summarized in a table. 
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2 FACTORIAL ANOVA MechanicsO

CONTRAST TABLE FOR ##
FACTOR

RUN TREATMENT A B AB
1
2
3
4

Ð"Ñ   
+   
,   
+,   

Definition Contrast A B and AB: ß Observe AB collumn collumnsœ E‚F

G œ Ò  Ð"Ñ  +  ,  +, œ Ò +  +,  ,  Ð"ÑÓE ]

G œ Ò  Ð"Ñ  +  ,  +, œ Ò ,  +,  +  Ð"ÑÓF ]

G œ ÒÐ"Ñ  +  ,  +, œ Ò Ð"Ñ  +,  +  ,ÓEF ]

• Note that these three contrasts are orthogonal. Hence, hypothesis tests
involving them are independent (Recall the ONE-WAY ANOVA notes).
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2 FACTORIAL ANOVA MechanicsO

Effects of A B and AB Recall ) :ß Ð ÐO œ #Ñ
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2 FACTORIAL ANOVA MechanicsO

  
 

GENERAL FORMAT OF A  ANOVA TABLE##

 
Source SS df MS F
Factor A SS

Factor B SS

AB Interaction S

[      ] 
A
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[       ]
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2 FACTORIAL ANOVA Router ExampleO

  
 FACTOR B

TOTALS AVERAGE

  
TOTALS

AVERAGE

H<366 W://.

 

J+->9<E  '%Þ% &*Þ( "#%Þ" "&Þ&
F3> W3D/  *'Þ" "'"Þ" #&(Þ# $#Þ#

"'!Þ& ##!Þ)
#!Þ" #(Þ'

Definition Contrast A B and AB:ß
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# ‚ % # ‚ % # ‚ %
E EFF
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2 FACTORIAL ANOVA Router ANOVA TableO

 
Sums of Squares of A B and AB:ß

W œ œ ""!(Þ#à WW œ œ ##(Þ#' à WW œ œ $!$Þ'$
Ð"$$Þ"!Ñ Ð'!Þ$Ñ Ð'*Þ(Ñ

# ‚ % # ‚ % # ‚ %
E EF

# # #

# # #F

WW œ "(!*Þ)$ß WW œ "(!*Þ)$  ""!(Þ#  ##(Þ#'  $!$Þ'$ œ ("Þ(#X I

ANOVA TABLE  ROUTER EXPERIMENT
 Source SS df MS F P-Value

Bit Size (Factor A)
Drill Speed (Factor B)

AB Interaction

""!(Þ# " ""!(Þ# ")&Þ#& "Þ# /  )
##(Þ#' " ##(Þ#' $)Þ!# %Þ) /  &
$!$Þ'$ " $!$Þ'$ &!Þ) "Þ# /  &
("Þ(# "# &Þ*(

"(!*Þ)$ "&

Error 
Total  

CONCLUSION: Bit Size (A) and Higher Drill Speed (B) contribute to increased
vibration. However, due to the interaction it is more advantageous to use a small
drill bit (A) and run it a high speed (B), rather than running it at a low speed (B).
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2 FACTORIAL ANOVA Router Effects PlotsO

 
Analysis in file "Routing_Experiment.R"
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2 FACTORIAL ANOVA Router Interaction PlotO

 
Analysis in file "Routing_Experiment.R"

Conclusion: High drill speed (B) Choose a  and ,Small bit size (A)
but confidence intervals overlap (and one observes the interaction)!
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2 FACTORIAL ANOVA Router ExampleO

 
Analysis in file "Routing_Experiment.R"
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2 FACTORIAL ANOVA Router Model DiagnosticsO

 



EMSE 4765 Notes J.R. van Dorp ;  ; Page 36dorpjr@gwu.edu

2 FACTORIAL ANOVA Router Data to MinitabO

 

Run Bit Size Drill Speed Vibration
(1) Small Slow 18.2
(1) Small Slow 18.9
(1) Small Slow 12.9
(1) Small Slow 14.4
a Big Slow 27.2
a Big Slow 24
a Big Slow 22.4
a Big Slow 22.5
b Small High 15.9
b Small High 14.5
b Small High 15.1
b Small High 14.2
ab Big High 41
ab Big High 43.9
ab Big High 36.3
ab Big High 39.9
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2 FACTORIAL ANOVA Minitab ANOVA TableO

 

R-Code
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2 FACTORIAL ANOVA Minitab Interaction PlotO

 



EMSE 4765 Notes J.R. van Dorp ;  ; Page 39dorpjr@gwu.edu

2 FACTORIAL ANOVA Minitab Residual AnalysisO
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2 FACTORIAL ANOVA Minitab Residual PlotO
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2 FACTORIAL ANOVA Minitab Equality of VariancesO

 



EMSE 4765 Notes J.R. van Dorp ;  ; Page 42dorpjr@gwu.edu

2 FACTORIAL ANOVA Etching ExampleO

 
2  DESIGN OF EXPERIMENT EXAMPLE:4

An article in Solid State Technology ("Orthogonal Design for Process Optimization and Its
Application in Plasma Etching," May 1987, pp. 1227-132) describes the application of
factorial design in developing a nitride etch process on a single wafer plasma
etcher. The process uses  as the reactant gas. It is possible to vary the gasG J# '

flow, the power applied to the cathode, the pressure in the reactor chamber, and
the spacing between the anode and the cathode (gap). Several response variables
would usually be of interest in this process, but in this example we will
concentrate on etch rate for silicon nitride. We will use a single replicate of a 2%
design to investigate this process. The factor levels used in the design are shown
below.

DESIGN FACTORS
K+: T</==?</ G J J 69A T9A/<
E F G H

P/@/6 Ð-7Ñ Ð7X9<<Ñ ÐWGGQÑ Ð[Ñ
P9A Ð  Ñ !Þ)! %&! "#& #(&
L312 Ð  Ñ "Þ#! &&! #!! $#&

# '

 

The Test Data and accompanying ANOVA Analysis is presented in the
spreadsheet entitled "Etch_Example.xls"
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2 FACTORIAL ANOVA Etching ExampleO

 
Analysis in file "Etching_Experiment.R"
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2 FACTORIAL ANOVA Etching ExampleO

 
Analysis in file "Etching_Experiment.R"
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2 FACTORIAL ANOVA Etching ExampleO

 
Analysis in file "Etching_Experiment.R"
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2 FACTORIAL ANOVA Etching Effect PlotsO

 
Analysis in file "Etching_Experiment.R"
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2 FACTORIAL ANOVA Etching ANOVA TableO

 
Turning off : BD, B, CD, ABD, ACD,C, AB, ABC8 Effects
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2 FACTORIAL ANOVA Etching Model DiagnosticsO
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2 FACTORIAL ANOVA Etching ExampleO

 
Analysis in file "Etching_Experiment.R"
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2 FACTORIAL ANOVA Etching ExampleO

 
Turning off : AC, BCD, ABCD, BC4 Additional Effects
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2 FACTORIAL ANOVA Etching Model DiagnosticsO
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2 FACTORIAL ANOVA Etching Interaction PlotO

 

Conclusion: HIGH POWER (D) Choose a  and ,LOW GAP (A)
confidence intervals do not overlap (and one observes the interaction)!
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